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FOREWORD

This report summarizes research performed in Contract F44620-
74-C-0048 during the period July 15, 1975, through July 15,
1976. The research was jointly sponsored by the Space and
Missile Systems Organization (AFSC) and the Air Force Office
of Scientific Research (AFSC), United States Air Force. The
Air Force program monlitors were Lieutenant E. Taylor of SAMSO
and P. Thurston of AFOSR. Mr. W. Portenier maintained
technical liaison with the Aerospace Corporation.

Study participants were D. C. Wilcox, principal investigator,
T. L. Chambers and R. M. Traci. Manuscript preparation was
accomplished by J. A. Jessup. - :
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f(A):F{A;T

}
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NOTATION
DE?INITION
Blowing parameter, pwvw/peUeCH
Local skin friction

Constant in law of the wall without, with
blowing

Total skin friction [Equation (56)]
Stanton number

Drag per unit area

Specific turbulent mixing .energy [Equation (12)]
Maximum value of e in boundary layer
Stability functions [Equations (47)]

Mass averaged specific enthalpy

Total enthalpy

Heaviside stepfunction

Roughness height (peak-to-valley)

Scaled roughness height [Equation (25)]
Roughness spacing (peak-to-peak)

Mach number

Roughness functions [Equations (49,50)]
Static pressure

Total pressure behind shock, in freestream
Laminar, turbulent Prandtl number

Local heat flux [Equati: ' (8)]

Radial distance from body axis

Nose radius




SYMBOL

HiR

Rec

RA
eX

Rek,x,é*,e,Axt

max

NOTATION (continued)
DEFINITION
Parameters in model equations
Minimum critical Reynolds number

Neutral stability Reynolds number

Reynolds number based on roughness height, plate
length, displacement thickness, momentum thick-

ness, transition width

Trrbulent Reynolds number [Equation (11)]
Freestream unit Reynolds number

Value of Re°° for incipient transition
Arclength

Roughness functions [Equations (26,36,52)]
Mass averaged static temperature

Freestream total temperature

Turbulence intensity at boundary-layer edge, in

freestream
Maximum value of T' in boundary layer

Mass averaged velocity components in x,y
directions

Friction velocity, /Tw/pw
Average velocity [Equation (A6)]
Mass averaged fluctuating velocity

Turbulent dissipation rate [Equation (13)]

Coordinate lying along, normal to a solid body

Axial coordinate
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NOTATION (continued)
DEFINITION

Parameters in model equations
Values of a,a* for fully turbulent flows
Wave number
Parameters in model equations
Specific heat ratio
Boundary layer thickness
Displacement thickness
Kinematic eddy viscosity
Momentum thickness
Karman "constant" without, with blowing
Parameter in model equations
Stability parameter [Equations (47)]
Molecular viscosity
Kinematic molecular viscosity
Coefficient defined in Equation (35)
Mean, instantaneous mass density
Parameters in model equations
Shear stress [Equation (7)]

Angle from centerline for spheres; local body
angle for laminar stable shape configuration

Modified temperature ratio [Equation (66)]
Pseudovorticity
Specific pseudovorticity

Turbulent length sacle [Equation (9)]
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NOTATION (concluded)
DEFINITION
Boundary-layer edge
Transition point
Body surface
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1. INTRODUCTION

During the past two-and-a-half years the authors have sought

in this project to develop an accurate and efficient tool for
predicting bouiidary-layer transition on re-entry vehicle nose-
tips. The basis of our approach has been a phenomenological
turbulence model developed by Saffmanl and w1lcox.2 Unlike
linear stability theory, the turbulence model approach includes
a description of the nonlinear growth of transition triggering
disturbances; the turbulence model approach thus provides a
description of boundary-layer evolution from the laminar state,
through transition, and into the turbulence regime. In order
for such a comprehensive theory to remain tractable, consider-
able engineering judgment and approximation has been needed.
Includihg nonlinear effects, for example, 1s achieved through
the introduction of several empirical closure coefficients.

The notion that the same values of these coefficients should

be used for all flows has been a central axiom in our philosophy
of developing the turbulence-model transition-prediction method.

The goals of our transition research have actually been part of
a much broader objective. Specifically, our primary aim has
been to devise a set of constitutive equations suitable for
predicting salient features of practical engineering flowfields
which are dominated by turbulence and transition phenomena and
which include complicating effects such as surface roughness,
surface mass and heat transfer, boundary-layer separation,
streamline curvature, etc. Various agencies have supported

our research efforts (most notably the NASA Ames Research
Center), and as a result we have made significant advances
toward achieving our basic objectilve.

The reports and papers listed in the Bibliography provide
evidence of our progress in treating the transition problem.
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Using the Saffman-Wilcox turbulence model with relatively
straightforward modifications to account for low-Reynolds-
number effects, we have accurately predicted transition for
conventional boundary layers and for ground tests on re-entry
vehicle geometries. Our predictions have included most of

the effects pertinent to re-entry vehicles including surface
roughness, surface cooling, pressure gradient, freestream tur-
bulence intensity, and freestream unit Reynolds number. While
these results are encouraging, the number of closure coeffi-
cients has increased. Furthermore, values for some of the
coefficients have been fixed by numerical experimentation,
i.e., by forcing agreement of theoretical predictions with
experimental data. Additionally, purely empirical modifica-
tions to the model are required to accurately predict effects
of pressure gradient and surface heat transfer on boundary-
layer transition. Thus, even with the model's recorded suc-
cess in predicting transition, there is room for further
improvement of the theory.

3

An important development- in our NASA Ames-sponsored turbulence
research (Contract NAS2-8884) produced significant improvement
in our turbulence model's accuracy for turbulent boundary
layers. Most significantly, the model's sensitivity to ini-
tial and boundary conditions, a sensitivity which has caused

4,5 has been reduced

difficulty in our transition research,
markedly. Encouraged by this success, the present study has
focused upon the revised model equations' accuracy for transi-
tional flows. As will be shown in the following sections, the
revised model is superior to the original model in several
important respects. First, with no transition-specific modifi-
cations, the model accurately predicts many important features
of an incompressible flat-plate boundary layer (FPBL) under-
golng transition, viz, velocity profiles, skin friction, and

transition width. Second, with modifications tied closely to
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linear-stability theory, the model accurately predicts effects
of pressure gradient and surface heat transfer. Third, effects
of surface mass addition have been incorporated in the theory.
Perhaps most important however, while the number of closure
coefficients remains approximately the same as in the Saffman-
Wilcox model, virtually all of the coefficients' values have
been determined by methods more rigorous than numerical
experimentation.

Section 2 summarizes the model equations and presents a
detailed study of viscous sublayer structure; unlike the origi-
nal model, analysis of the viscous sublayer provides a suit-
able method for treating low Reynolds number effects. The
section also discusses (a) boundary conditions for surfaces
with roughness and mass transfer and (b) modifications needed
to accurately predict effects of pressure gradient and surface
mass addition. Section 3 presents boundary-layer applications
including the incompressible FPBL, effects of surface cooling
on a supersonic boundary layer, and nonequilibrium relaxation
of a turbulent boundary layer passing from a rough to a smooth

" surface. In Section 4, applications to blunt body flows are

presented including effects on transition of surface rough-
ness, cooling, and mass addition; freestream turbulence
intensity; and freestream unit Reynolds number. The concluding
section summarizes results and conclusions.




2. THEORETICAL CONSIDERATIONS

The model equations are summarized in thils section including
established values of all closure coefficients. Subsection 2.1
presents physical meanings of turbulence field properties and
a discussion of similarities and differences between the new
model and its predecessor, the Saffman-Wilcoxl’e’u_6
Subsection 2.2 gives details of model-predicted viscous sub-
layer structure, including boundary conditions for surfaces
with roughness and mass addition. The section concludes with
discussion of special modifications needed to obtain accurate
predictions for effects on transition of pressure gradient,

surface heat transfer, and surface roughness.

2.1 THE TURBULENCE/TRANSITION MODEL EQUATIONS

Under the standard boundary-layer approximations, the model
equations for two-dimensional (j=0) and axisymmetric (j=1)
flows are

Mass Conservation

-%(ou) + ;lj%(rjp") = 0 (1)

Momentum Conservation

au v _ _@p 9T
Pusx * PV3y ax * 3y (2)
Energy Conservation
3h ol dp 3u 9g
S ke, W L
Pusx * PVay Yix * Yoy T oy (3)
n

I, T S




Turbulent Mixing Energy

N T *a_u_*] L[ *19]
pus=— + Py [a playl B¥wle + 3y (ut+o pe)ay (4)

Turbulent Dissipation Rate

dw? w? _ 3u aL\? > 2 aw?
puz, + PVay = {GD|§§| - [84-20(55) Wowe 4+ 3y (u+0pe)§§- (5)

where x and y are orthogonal coordinates with x lylng along

the body and y being normal to the surface; r is the radial
distance from the body axis. I\/Iass—aver'aged"7 velocity compo-
nents in the x and y directions are denoted by u and v while

h is the mass averaged enthalpy; p, p and u are mean density,
pressure, and molecular viscosity; 1t and q are the shear stress
and normal heat flux. The mass-averaged turbulent mixing
energy, e, and the mass-averaged turbulent dissipation rate, w,
are needed to define the eddy diffusivity, e, which is given
by the following equation:

€ = pe/w (6)

The shear stress and heat flux are

T = <u+pe>g—; (7)
. elel . P& Y90
q (PrL 4 PrT)By (8)

where PrL and PrT are laminar and turbulent Prandtl numbers.
The quantity 2 is the turbulent length scale defined as

L = pe%/w (9)

The turbulent Prandtl number, PrT, and the closure coefficlents
a,a*,B,B*,0,0*% appearing in Equations (4) and (5) are




B = = B* = -
o} oo 3
Pro = o (10)
@ = %[1 - (1-21) exp (—ReT/Z)]
ak = -13—0[1 - (1-2)exp (-2ReT)]

where ReT is the turbulent Reynolds number defined by

Req = pe%l/u (11)

Specification of the closure coefficient A 1s deferred to
Subsections 2.2 and 2.3.

Consistent with the arguments of Wilcox and Chambers,5 the
turbulent mixing energy 1is proportional to the kinetic energy

‘attending the fluctuation of fluid particles normal to the

plane of shear. Letting V' denote the mass-averaged fluctuat-
ing velocity component normal to the shear plane (under the
boundary-layer approximations, shear planes are parallel to
the x direction), the turbulent mixing energy is given by

<pv'v'>

S (12)

vnd
where p 1s the instantaneous density.

The physical meaning of w has been discussed by Wilcox and
Chambers.5 For incompressible boundary layers, comparison of

the limiting forms of the model equations and the exact
Reynolds stress equation very close to a solid boundary shows

T ARG 5 LA




that w/p is the rate at which e 1s dissipated into heat,
mean kinetic energy, and other fluctuation modes. For
incompressible flows, Wilcox and Chambers deduced that

w= (3p/8%)<(3v'/3y)?>/<v'v'>. In terms of present notation,
a suitable definition of w for compressible flows 1is

3p <p(aV'/3y)2> (13)

On the one hand, Equations (1-11) are very similar to the model

equations developed by Saffman and wj.lcox.l’z’u'6 The new
model 1s, in fact, offered as the next-generation improvement

over the Saffman-Wilcox model. The most notable similarity

i1s the use of the dissipation-rate, w, which is analogous to
the frequency or pseudovorticity quantity first introduced by
Kolmogorov.8 Also, the high Reynolds number (i.e., ReT-»w)
values of the closure coefficients defined in Equations (10)
have been determined by the same arguments based on general
properties of turbulent flows used by Saffman1 and subse-

quently by Wilcox and Alber.9

On the other hand, Equations (1-11) include several differences
from the Saffman-Wilcox model which result in significant
improvement in accuracy and utility. The most important

difference is appearance of the term proportional to (3&/3y)?
in Equation (5). This term has an important impact on model-
predicted defect~layer structure for an incompressible FPBL.
Physical meaning and origin of the term have been discussed in
detail by Wilcox and Chambers.3 A second key difference is

in the dimensions of the dissipation-rate quantity, w. Its
dimensions are (M/L%*t) which contrasts with the specific
pseudovorticity, Q(L3/Mt), used by Wilcox and Alber’ and the
pseudovorticity, w(1l/t), of Saf‘f‘man.l As shown by Wilcox and
Traci,10 achleving accuracy suitable for general engineering

applications involving compressible flow is contingent upon




using wn pw rather than w or Qv w/p. The final noteworthy

| difference is in the variation of o and o* with ReT. As
shown in Equations (10), a and a* approach their high Reynolds
number values for ReT= 0(1). This is physically more plausible
than a and o* achieving their ReT->m vaﬁugs when ReT= 0(107%)
as they do in the Saffman-Wilcox model. "2

3

In developing the new model, Wilcox and Chambers- concentrated
upon the high-Reynolds-number (ReT-vw) form of Equations (1-11).
Values of all the closure coefficients in the limit ReT-*°°

have been established by arguments based on general properties
of turbulent flows. The viscous modifications, i.e., the postu-
lated variation of a and a* with ReT was devised in the present
study by analyzing the viscous sublayer. The next subsection
presents details of model-predicted sublayer structure and

rationale for the viscous modifications.

Laid VISCOUS SUBLAYER STRUCTURE

To analyze the viscous sublayer, solutions are first presented
for a perfectly smooth wall; the constant in the law of the
wall, C, is found to be significantly larger than measured
smooth-wall values when a* and a assume thelr high-Reynolds-
number values. Viscous modifications for a and a* are then
devised which yield a more-reasonable smooth-wall value for C;
detalled comparisons are made between computed and measured
sublayer structure. Next, a surface dissipation-rate boundary
condition 1s developed which is suitable for turbulent boundary
layers on rough surfaces. Effects of mass injection on sub-
layer structure are then analyzed; a surface dissipation-rate
boundary condition is devised to account for such effects on
turbulent boundary layers. We conclude the section by postu-
lating a composite roughness/mass-injection surface boundary

| condition for the dissipation rate.

R . TR
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2xerl Equations of Motion

In the viscous sublayer of an incompressible turbulent boundary
layer, convective terms are negligible so that the equations
of motion become

(\)+€)g_; = u: (lu)
{aal% = B*g-}e + %[(v+o*e) g—;] = 0 (15)

45 dag\lw d aw?| _
{ﬂa; - [B+2°(E§)]E}wz + -(ﬁ-[(\ﬁcs)ab-;] =g (16)

where v 1s kinematic viscosity and u. = /?;73 is friction veloc-
ity. Five boundary conditions must be specified for this fifth-
order set of ordinary differential equations. Two boundary
conditions follow from asymptotic behavior of solutions to the
model equations as uTy/v-*m. Noting that turbulent-energy

diffusion is negligible in this limit, there follows

2
e +u fof , Wpujalcy a8 w /v e (17)
where o =3/10 1s the limiting value of a* for ReT-*m. Note
that Equations (17) are consistent with the law of the wall,
1.€.,

u_y
.o o L T
G—' - KlogT+C (18)
%
where k= 0.41 is Karman's constant.

Two surface boundary conditions follow from the no-slip bound-
ary condition which implies that u and e vanish at y=0.

Following Saffman® and Saffman and Wilcox,2
face boundary condition on the dissipation rate so that

we impose a sur-

2
u
P i

w = m' (19)

utk
u=e=0 |, SR _U_> at uTy/v = 0




where SR is a universal function of the roughness height of

the wall, k. As shown by Saffman and Wilcox, the constant in
the law of the wall, C, depends upon SR' Since experimental
observations show that C also depends upon urk/v, comparison

of computed and measured values of C establishes the dependence

of SR upon uTk/v.

2.2.2 Smooth-Wall Sublayer Structure

To examine model-predicted sublayer structure, we first con-
sider the case of a perfectly smooth wall, i.e., SR-+m. One
of the most significant results obtained by Wilcox and Saffman
is that, with no viscous modifications to their model other
than including molecular diffusion, the constant C-+ 5.5 for a
perfectly smooth wall. By comparison, measurements indicate
that C should lie somewhere between 5 and 6. Note that
Saffman and Wilcox deduced C~+ 5.7 for perfectly smooth walls.
However, in this study, Saffman-Wilcox-model computations were
done using more accurate methods than those employed by Saffman
and Wilcox. Our computations indicate C+ 5.5 in the 1limit of
a perfectly smooth wall.

For a given value of S, the corresponding value of C is deter-

R
mined by first solving the two-pocint boundary-value problem
defined by Equations (14-17, 19), and by then evaluating the

following limit:

u.y
C = lim [_Ll.. - l‘.log _T ] (20)

where y* = uty/\).

The boundary value problem was solved in the present study
with an implicit, second-order-accurate, time-marching, finite
difference method. Initially, computations were performed
with a*==a; and a=a_ . Extrapolation of the numerical results

10




for large-but-finite SR indicated that, with the new model,
the limiting value of C for a perfectly smooth wall 1s approx-
imately 7.0. Such a large limiting value of C is unacceptable
for general engineering applications, thus prompting develop-
ment of further viscous modifications to the model equations.

223 Viscous Modifications

Suitable viscous modifications are developed by noting that,
as argued by Wilcox ‘and Chambers,5 when ReTﬂ:l net production
of turbulent energy is reduced relative to the ReT>> 1 situa-
tion. This. leads Wilcox and Chamber's,5 in a prior study of
boundary-layer transition, to propose a viscous modification
to the Saffman-Wilcox model which reduces the production of

turbulent mixing energy for small Re As a generalization of

T
Wilcox's and Chambers' viscous modification, we propose that

o and o* depend upon ReT as follows:

at[1 - (1-1) exp (-Rey/R)]

]

¥
(21)

R
]

a,[1 - (1- 1) exp (-Rey/R,)]

Equations (21) contain three closure coefficients, i.e., A, Re,
and Rw. The value of A can be determined by demanding that

the model equations predict that in a Blasius boundary layer
turbulent fluctuations are damped for Reynolds numbers below
the linear-stability-theory minimum-critical Reynolds number,
Re,. Having mixing-energy production, a*|3u/dy|e, less than
mixing energy dissipation, B¥we/p, insures such damping.

Using the Blasius velocity profile and the smooth wail w pro-
file (1.e., w=20u/By? — see Wilcoxu and Wilcox and Chamberss),
the maximum plate-length Reynolds number, Rei, at which dis-
sipation is greater than or equal tc production throughout

the boundary layer is

Reg = 750/)% (22)
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The Reynolds number Reﬁ will be equal to 9°10“, the accepted
value of Rec, provided

A= 1/11 (23)

Note that in order to accurately predict effects of pressure
gradient and surface heat transfer, Equation (23) must be
modified. Further details are given in Subsection 2.3.

Values of Re and Rw were chosen to achieve optimum agreement
between computed and measured sublayer structure. As the

first step in determining the optimum (Re,Rw) pair, computa-
tions were performed for various values of Re and Rw to deter-
mine pairs for which the smooth-wall value of C is within the
measured range. As shown in Figure 1, a locus of values (Re,Rw)
exists which yields C=5.5 for smooth walls.

The next step was to examine predicted sublayer profiles and to

compare with experimental sublayer data of Laufer.ll The com-

parisons indicated that closest agreement with Laufer's data
is obtained with

R. = 1/
5 } (24)
Ry,

I
n

Figure 2 compares computed and measured velocity and shear-
stress profiles and illustrates the close agreement between
the computed and measured turbulent-energy production/
dissipation balance.

As noted in Subsection 2.1, o and a¥* approach their fully
turbulent (ReT>> 1) values for Ren = 0(1) while, in the Saffman-
p=10"". Intuitively,

it seems unrealistic that a flow should begin to exhibit char-
acteristics of fully developed turbulence before the eddy

Wilcox model, a=a, and a*=aX* for Re
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Figure 1.

Variation of the smooth-wall value of C with
the viscous modification constants Re and Rw;
Re= Rw along the dashed line.
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diffusivity even becomes comparable to the molecular diffu-
sivity. The viscous modifications developed here thus appear
mbre realistic than those devised by Wilcoxu which, in effect,
have Re= Rw= 1/10. Wilcox was forced to use very small values
of Re and Rw because larger values ylelded too small of a
smooth-wall C. This 1s unsurprising in light of Figure 1.
Conceivably, a similar locus of (Re,Rw) pairs exists for the
Saffman-Wilcox model, although no attempts have been made to
find such pairs. The fact that the locus passes through the
origin for the Saffman-Wilcox model is somewhat fortuitous.

2.2.4 Rough-Surface Boundary Condition

Having achieved acceptable smooth-wall sublayer structure, we
now proceed to determine the dependence of SR upon uTk/v. As
nocted earlier in this section, C depends upon SR which, in
turn, is a function of surface roughness. Figure 3 shows the
predicted variation of C with SR;
obtained by Saffman and Wilcox. Sufficient experimental data

results are similar to those
12

are available for effects of "sand-grain" roughness on turbu-

“lent boundary-layer velocity profiles to define C uniquely as

a function of

k¥ = u_k/v (25)

Comparing the measured variation of C with kt to the computed
varlation of C with SR leads to a correlation for SR as a
function of k*; Figure 3 shows the correlation. An accurate
analytical fit is given by

S. = (36/k*)% + (8/kH)*® (26)

R

2:.2.5 Effects of Mass Injection+

For boundary layers with surface mass injection (blowing),
the introduction of an additional velocity scale (vw==normal

¥ Results discussed in this sub-subsection were obtained under
sponsorship of the NASA Langley Research Center (Contract NAS1l-
13974).
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flow velocity at the surface) suggests that some modification
of Equation (19) may be required for flows with blowing.
Andersen, et al,13 provide further evidence that the dissipa-
tion-rate boundary condition must be revised when blowing is
present by showing, from correlation of their experimental
data, that the law of the wall assumes the following modified
form:

Y. m alop—t— it (27)
UT K

The modified "constants" K and C are related to k, C, and the
blowing velocity as follows:

K AL+ 1.7 vo/u)
(28)

g

C ~ 50(v, /u.) + 72(vw/ur)2

Since the computations above show that C is strongly affected
by the value of SR’ Andersen's data indicate that a modification
to the model equation boundary condition is required for com-
puting blown boundary layers. Since mass injection 1s often
pertinent for re-entry vehicles, we thus consider effects of
blowing on model-predicted sublayer structure.

When blowing is present the sublayer equations are

au e
(V+S)E§ = u% Lt (29)
de _ du, _ oxW 4 de
Vwdy {“*ldy| B*p}e 2 dyl}“+°*e)dy] (30)
dw? du dey|w d __y dw?
Vway = {ala—y-l - [B+20(a—i)]a}wz + E[(\H‘GE) dy] {31)

To establish boundary conditions for this fifth-order system,
we assume the effluent gas 1s free of turbulent fluctuations

17
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so that e vanishes at the surface. The horizontal velocity, u,
vanishes by virtue of the no-slip condition, and in analogy to
Equation (19) we write

pu: Vi
u=e= 0 ’ w = m SB Il__r at u_[_y/\) - 0 (32)

where SB is a universal function of vw/uT. Examination of
asymptotic solution behavior ylelds two more boundary conditions
valid as uTy/v->m. As in the no-blowing case, the turbulent
diffusion term in the mixing-energy equation is negligible for

uTy/v-*w, and there follows

Wl  %ew
e+ttt s W

as u y/v -+ (33)
® T T

§H°
alo.
<|ec

In addition to establishing boundary conditions, further exami-
nation of the wall-layer solution (i.e., the limiting solution
for uTy/v-+w) demonstrates direct correspondence between model-
predicted and measured effects of blowing on a turbulent bound-
ary layer. Specifically, in the 1limit of weak blowing (vw/uT<< 13,
expanding in powers of vw/uT shows that the velocity obeys a modi-
fied law of the wall similar to Equation (27). The effective
Karman constant 1s predicted to be

K = K/(1+EVW/UT) (34)
where
= beC-1 ¥ _lﬁ
g 8 P log —; (35)

The functional dependence in Equation (34) is similar to that
quoted by Andersen [Equation (28)]. 'Table 1 shows the varia-
tion of Z with uTy/v for xk=0.41 and C=5.5. As shown, the
predicted value of Z 1s reasonably close to Andersen's value
of 7.7, particularly at the larger values of uTy/v.

18
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Table 1. Varilation of Z with uty/v.

uTy/v )
10 3.84
100 5. 25
500 6.23

1000 6.65

Again using the implicit, time-marching numerical method, sub-
layer calculations were performed for several blowing rates
ranging from vw/uT= 0 to vw/ur= 0.7393. The value of SB was
varied for each blowiling rate until close agreement with the

13 was obtained

velocity profile data of Andersen, et al,
(Figure 4). As expected from the wall-layer analysis, slopes
of the various profiles (i.e., §~!) are accurately predicted.
Note that this means that, similar to the case of surface
roughness, the dissipation-rate boundary condition primarily
determines the variation of C with vw/uT. Figure U4 also pre-
sents a correlation of Sy with vw/uT; an accurate analytical
representation of the correlation is

LA

SB = 6-1+_(vw/_ur) 5 Vw/uT >0 (36)

Although effects of suction (Vw/ur< O)uhave not been considered
here, computations performed by Wilcox imply that w is
unaffected by suction. Therefore, Equation (36) should only

be used for Vw/ut> 0.

2250 Composite Roughness/Blowing Boundary Condition

We conclude this section on model-predicted sublayer structure
by postulating a dissipation-rate boundary condition suitable
for surfaces with both roughness and blowing. Physical con-
siderations must guide development of such a boundary condition.

19
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For example, on extremely rough surfaces (k* + =) we expect
the kinetic energy of the injected fluid to be small compared
to the energy attending local flow separations and turbulent
fluctuations generated by the roughness elements. Effects of
finite blowing rates are therefore unimportant in this 1limit.
Similarly, for large blowing rates (vw/uT-*w), finite rough-
ness helghts have a negligible effect. Additionally, the
composite boundary condition must reduce to (a) Equations (19)
and (26) for Vw/ur= 0 and (b) Equations (32) and (36) for
kt=0. The following boundary condition satisfies all of
these constraints:

pu?
w = EZ%S at y =0 (37)
where
1 1 )”
g e o (38)
(SR S

with SR and SB given by Equations (26) and (36).

At this point, the model has been developed with virtually no
transition-specific considerations. That 1is, with the excep-
tion of the argument establishing the value of ) [Equation (23)],
values of all closure coefficients have been fixed by arguments
based on properties of fully turbulent flows. As will be shown
in Section 3, the model, with no further modifications, pro-
vides an accurate description of many subtle aspects of incom-
pressible, zero-pressure-gradient boundary-layer transition
(Section 3). However, similar to the Saffman-Wilcox formula-
tion, the new model requires modifications to the closure
coefficient A 1in order to accurately predict effects on tran-
sition of pressure gradient and surface heat transfer; addi-
tionally, the rough-surface boundary conditions must be revised
for transition applications. Suitable modifications to A,

21
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closely tied to linear stability theory, have been devised
under Joint sponsorship (Contract N00024-76-C-7070) of the
Defense Advanced Research Projects Agency (DARPA) and the
Naval Sea Systems Command (NAVSEA). Because of the pertinence
of the modifications to the present study, the following sub-
section presents complete details before proceeding to
applications in Sections 3 and 4.

2.3 TRANSITION MODIFICATIONS

In the first part of this subsection we focus on the transi-
tion modifications to the closure coefficient A. The second
part presents rough-surface boundary-condition revision needed
for transition computations.

2.3:.1 Pressure Gradient and Heat Transfer

As noted in the preceding section, the value of X has been
fixed by demanding that the linear-stability minimum-critical
Reynolds number, Rec, for the Blasius boundary layer match

the corresponding model-equation neutral-stability Reynolds
number, Rei. Demanding that Rec==Rei for the Blasius boundary
layer yields the v<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>